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Particle injection into the wave acceleration phase due to nonlinear wake wave breaking
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We present analytical results and computer simulations of the nonlinear evolution of wake field waves in
inhomogeneous plasmas. The wake wave break that occurs due to the inhomogeneity of the Langmuir fre-
quency makes it possible to inject electrons into the acceleration phase of the wave. Particle-in-cell simulations
show that stable beams of energetic electrons are formed. These beams are well bunched in coordinate and
velocity space and contain a considerable fraction of the pulse energy@S1063-651X~98!50311-X#

PACS number~s!: 52.40.Nk, 41.75.Lx, 52.65.Rr, 52.75.Di
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Among the charged particle accelerators that use col
tive electric fields in plasmas@1#, the laser wake-field accel
erator ~LWFA! provides one of the most promising a
proaches to high-performance compact electron accelera
@2#. Acceleration of electrons in electric fields of up to 10
GV/m has been observed in LWFA experiments during
interaction of high-intensity laser pulses with plasmas@3#.
The production of accelerated electron beams with lo
energy spread requires a very precise injection of extrem
short electron bunches in the appropriate phase of the w
field. Since the typical length of the wake-field plasma wa
is of the order of 2pc/vpe'10–100mm, the length of the
injected electron bunch must be less than 2–20mm. Recently
an optical method for injecting electrons in the accelerat
phase of the wake field has been proposed@4#. This method
uses two laser pulses: the first pulse~the driver! generates the
wake field, while the second intersects the wake some
tance behind the driver pulse. The ponderomotive fo
;¹a2 of the second pulse can accelerate a portion of
electrons so that they become trapped. Herea2

5(eE/mvc)257310219l2 @mm#I @W/cm2#, l52pc/v
is the laser radiation wavelength, andI its intensity. As was
shown with one-dimensional particle-in-cell~PIC! simula-
tions, high intensities~I .1018 W/cm2, corresponding toa
'2! are required in both the driver and injecting pulses.
scheme of optical injection which uses three laser pulses,
high-intensity driver, and two counterpropagating injecti
laser pulses with moderate intensities, has been propose
Ref. @5#. In this model the colliding laser pulses excite a slo
phase velocity beat wave that injects electrons into the ac
erating phase of the fast wake wave. Such all-optical elec
injectors would be important in reducing both the size a
the cost of the laser-driven accelerators.

However, a problem arises from the requirement to tu
the wake field and the injecting laser pulses very precis
In the range of relativistic intensities of the laser radiati
with a.1, the wavelength of the wake field depends on
laser pulse amplitude and frequency, which in turn cha
due to such nonlinear effects as self-focusing, pulse ene
depletion, and down-shifting of the carrier frequency.
PRE 581063-651X/98/58~5!/5257~4!/$15.00
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overcome these synchronization problems, we propose u
for electron injection the wake-field breaking of the wa
wave of a single laser pulse.

The basic properties of nonlinear wave breaking are w
known ~see@6# and @7#!. In the case of nonlinear Langmu
waves, the Akhiezer-Polovin constraint@8# limits the ampli-
tude of a stationary wave and consequently the accelera
rate in the LWFA: Em5(mcvpe/e)@2(gph21)#1/2, with
gph[~12bph

2 !21/2'v/vpe, bph[vph/c, and vph the plasma
wave phase velocity which is equal to the group velocity
the laser pulse.

Even in the one-dimensional~1D! case, wave breaking
can either completely destroy the regular structure of
wave, or it can develop quite gently, with only a small po
tion of the wave involved in the break. Even when the cra
of the wake field occurs at the plasma-vacuum interface
destroys the wave pattern locally, it may serve the purpos
injecting a portion of the electrons in the accelerating ph
in the wake behind the laser pulse far from the plas
boundary @9#. In a homogeneous plasma the wake wa
breaks when the square of the laser radiation amplitudea2

exceedsgph. This regime has attracted attention since it p
vides both the injection of electrons into the accelerat
phase and, at the same time, a high rate of acceleration@10#.

In the 1D case the Langmuir wave break occurs when
quiver velocity of electrons,v, becomes equal to the phas
velocity of the wave. We use the Lagrange variables (x0 ,t),
with the Euler coordinatex expressed asx5x01j(x0 ,t),
wherej(x0 ,t) is the displacement of an element of the ele
tron fluid from its initial positionx0 during time t. The
wave-breaking singularity appears when the Jacob
J(x0 ,t)5u]x0

xu5u11]x0
ju of the transformation from the

Euler to the Lagrange coordinates vanishes. For nonrela
istic electron oscillation velocities, the time evolution equ
tion of Langmuir waves is linear in Lagrangian coordinate
For j(x0 ,t)5jm cos(kx02vpet), the Jacobian vanishes whe
kjm51. This condition can be reexpressed asv[] tx5vph,
wherev is the electron velocity andvph5vpe/k is the phase
velocity of the wave. In a plasma with inhomogeneous d
sity, the Langmuir wave wave number depends on ti
R5257 © 1998 The American Physical Society
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FIG. 1. ~a! Pattern of the electric field in the wake wave in the (x2vgt,t) plane.~b! Plasma density distribution~dotted line!, dependence
of the Jacobian~solid line!, and of the wave phase velocity~dashed line! on the Lagrange coordinate.~c! Electron momentum versus th
Euler coordinate in the breaking wave.~d! Pattern of the electric field in the wake wave in the (x,t) plane.~e! and~f! The same quantities
as in frames~b! and ~c! in the case when the plasma-vacuum interface is taken into account.
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through the relationship@7# ] tk52]xv. The resulting
growth over time of the wave number results in the break
the wave even when the initial wave amplitude is below
wave-break threshold. We can use the fact that in this c
only a relatively small part of the wave is involved, to inje
the electrons gently into the acceleration phase. The La
muir wave frequency may depend on the coordinate also
to relativistic effects that cause the wake wave amplitude
vary @11#. This appears naturally due to the laser pulse de
tion as it is accompanied by the downshifting of the la
pulse frequency@12#, which in turn changes the wake fiel
amplitude.

We assume the plasma frequency to vary between the
valuesvp1 andvp2 with a dependence on the Lagrange c
ordinatex0 of the form

vpe~x0!5
vp11vp2

2
2

vp12vp2

2
tanh

x0

L1
, ~1!

with L1 the width of the region where the plasma is inhom
geneous. The displacement and the velocity in the pla
wave behind the laser pulse are given by

j~x0 ,t !5jmcos„c~x0 ,t !…,
~2!

v~x0 ,t !52jmvpe~x0!sin„c~x0 ,t !…,

where the phase of the wave is defined asc(x0 ,t)
5vpe(x0)(t2x0 /vg), and we neglected the dependence
the group velocityvg of the pulse onx0 .

The resulting wave pattern in the (x,t) plane is shown in
Fig. 1~a!, where the longitudinal electric field in the wak
wave is shown in the frame moving with the laser pul
Behind and ahead of the inhomogeneity region, the wa
length of the wake field does not depend on time, while
the inhomogeneous region it decreases with time. In F
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1~b! the dependence of the Jacobian and of the wave ph
velocity vph(x0 ,t)5v/k52(] tc)/(]x0

c) on the Lagrange
coordinate is shown. In Fig. 1~c! the electron velocity in the
wave is plotted as a function of the Euler coordinate at
breaking timetbreak'2L/jmDvpe. In the inhomogeneous re
gion, the wake phase velocity decreases until it becom
equal to the quiver velocity of the electrons.

Since the parameters of the nonlinear Langmuir wave
proach wave breaking gradually, its pattern in phase pl
(p,x) takes specific features. Assuming that the inhomo
neity is weak compared to the plasma wave wavelength,
describe the wave structure in the co-moving frame takin
‘‘frozen’’ dependence on time. In a relativistically stron
Langmuir wave, the electron quiver velocityv and the elec-
tron density n depend on the coordinateX5kp(x2vpht)
through the relationships@8#

21/2X5E
b

b0 ~bph2s!

~12s2!3/2@~12bm
2 !21/22~12s2!21/2#1/2ds

[E
b

b0
g~s!ds, ~3!

n5
n0bph

bph2b
.

Here kp5vpe/c, b5v/c, bm5vm /c5kpjm , with vm
5vpejm the maximum value of the electron quiver veloci
in the wake wave. Close to the wave-breaking limit we ha
bm.bph. We assume that the wave break occurs at the p
X50 and setb05bm as the upper limit of integration in Eq
~3!. By expanding the integrandg(s) in Eq. ~3! in series of
bm2s!1 for bm,bph, and for bm5bph, and integrating
Eq. ~3!, we obtain forbm,bph
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v~X!5vm2c
bm~12bm

2 !3/2

2~bph2bm!2 X21¯ ~4!

and

n~X!5
2n0bph~bph2bm!2

~bph2bm!32bm~12bm
2 !3/2X2 1¯ . ~5!

Near its maximum the density distribution has a parabo
shape, with maximumnm5n0bph/(bph2bm) and width
„2(bph2bm)3/@bm(12bm

2 )3/2#…1/2. When bm→bph, the
maximum density tends to infinity while the width of th
density spike tends to zero. Forbm5bph, from Eq. ~3! we
obtain

v~X!.vm2c~9bm/2!1/3~12bm
2 !1/2X2/31¯ , ~6!

the electron density in the spike tends to infinity as

n~X!5
n0bm

~9bm/2!1/3~12bm
2 !1/2X2/31¯ ~7!

for X→0, and a characteristic cusplike patternp8}x82/3 ap-
pears in the phase plane

p~X!

mc
.

bm

~12bm
2 !1/22

~9bm/2!1/3

~12bm
2 !

X2/31¯ . ~8!

However, integrating the electron density~7! in the neigh-
borhood of the singularity, we find that the total number
particles in the density spike is finite.

As the result of the break, fast electrons from the wa
crest are trapped by the wave and are preaccelerated int
region where the phase velocity increases and the wake
has a regular and steady structure. In this way we obta
gentle injection of electrons into the acceleration phase in
wake far from the breaking region.

The breaking leads to the local decay of the wake wa
Its energy is transported away by the fast electrons. From
energy balance we estimate the fast electron density in
breaking region to be equal toninj5n0jm /L.

In order to study the long time evolution of the breaki
wake wave, we performed numerical simulations using
1D PIC code described in Ref.@12#. In these simulations a
circularly polarized laser pulse is initiated in the vacuu
region and then interacts with a weakly inhomogene
plasma. The laser pulse length is 12l524pc/v, and its am-
plitude isa5eE/mvc52. Ions are assumed to be immobil
Asymptotically, asx→`, the plasma is homogeneous with
density n/ncr51/625 that corresponds tov/vpe525. The
plasma density varies smoothly from zero atx532l to
1/547ncr at x596l to avoid the distortion of the plasm
wave due to wave break at the vacuum-plasma interface
cussed in Ref.@9#. The plasma is homogeneous in the d
main 96,x/l,128 and its density decreases gradually fro
1/547ncr to 1/625ncr in the domain 128,x/l,152. To illus-
trate the difference in the wake-field evolution that aris
because of the finite width of the vacuum-plasma interfa
we present the electric field distribution in the plane (x,t)
@Fig. 1~d!#, the Jacobian and phase velocity@Fig. 1~e!#, and
the wake wave pattern@Fig. 1~e!# for vpe(x0)5@(vp1
c
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1vp2)2(vp12vp2)tanh(x0 /L1)#@11tanh(x0 /L2)#. In the
vacuum-plasma interface we see the formation of wa
breaking toward the vacuum region. This process is sim
to the ‘‘electron vacuum heating’’ discussed in Ref.@13#.

We have performed a long-time run, up to 5000p/v, i.e.,
up to 2500 periods of the electromagnetic wave, in orde
study both the injection and the subsequent acceleratio
the electrons injected into the wake field. The simulatio
were made in a ‘‘moving window’’ with length 320l.

In Fig. 2, we show the electric field in the wake in th
inhomogeneous plasma region@Fig. 2~a!# in the time interval
0,vt/2p,280, and, in Fig. 2~b!, behind the laser for 300
,vt/2p,2500, where it has a regular stationary structu
The local wavelength of the wake field changes, in agr
ment with Fig. 1~d!. In Fig. 3, the phase plane at differen
times is shown. Atvt/2p5130 @frame ~a!# we see the for-
mation of the cusp structures that characterize the w
break described by Eq.~8! and correspond to Figs. 1~e! and
1~f!. At vt/2p5200 @frame ~b!#, during the wave break
particles are injected into the accelerating phase of the w
field. Further acceleration is seen forvt/2p5300@frame~c!#
and vt/2p52500 @frame ~d!#. At time vt/2p52500, the
maximum energy of the fast particles is approximate
330 mc2. The most energetic particles have been accelera
in the first period of the wake wave behind the laser pulse
Fig. 2~c!, the amplitude of the wake wave for periods wi

FIG. 2. Pattern of the electric field in the wake wave in the (x,t)
plane: ~a! in the region of plasma inhomogeneity,~b! behind the
laser pulse.

FIG. 3. Electron phase plane:~a! at t5130, ~b! at t5200, ~c! at
t5300, and~d! at t52500.
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numbers larger than 3 is much smaller than the amplitud
the first period since the wake wave is loaded by the bu
of accelerated electrons and loses its energy. Thus in
regime presented in Figs. 2 and 3, a significant portion of
energy of the laser pulse is converted into the energy of
particles.

In conclusion, the main goal of LWF accelerators is
reach the largest possible accelerating field which is limi
by wake wave breaking. In a smoothly inhomogeneo
plasma~and/or when the amplitude of the wake depends
the coordinates! the wavelength of a relativistically stron
Langmuir wave depends on time, and when it becomes of
P
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e

order of the quiver amplitude of the electrons, the wake st
to break. This provides a mechanism for the injection
electrons into the acceleration phase of the wake field.
resonant wave-particle interaction in the region of homo
neous plasma forms electron bunches that are well local
in coordinate and in energy space, are stable and conta
finite portion of the laser pulse energy.
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